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Abstract 

In this paper, we consider the planar forced Al-pendulum equation. Multiple rota¬ 
tional solutions are obtained. 
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1 Introduction and main results 


Let mi,fi be positive constants, i - ,N, and 


N 


aj= ,N. 

S=J 

The motion of the coplanar A^-pendulum is governed by the Lagrangian 


L{q,p) ^ -A{q)p ■ p + V(q), 


where 


q = ^qi,q2,--- ,qN), p = - , 

A(q)p-p^ E E ‘^CLjiiijC.o&{qi-qj)piPj, 

N 

Viq)^ gY, Pjcosiqj), 

J=l 


( 1 . 1 ) 


(1.2) 


( 1 . 3 ) 

( 1 . 4 ) 
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In the following, we add an periodic forcing term f{i) - ,/iv(t))- The cor¬ 

responding system of equations are 

^^Lp(q,q)-Lq{q,q)^f{t), (1.5) 

Periodic motions for the N-pendulum are solutions of 01.5) satisfying 

q(t +T)- q(t) ^2jiv,ve Z^, Vt e U. (1.6) 

In 01.6h if a = 0, solutions are oscillatory. Existences and multiplicities of 
oscillations for planar double, triple and AT^-pendulum have been studied in Il3l|8l 
|4l|T7l[15) and references therein. In Ill4l . Rabinowitz showed the existence of at 
least -I-1 27r-periodic forced oscillations for more general Lagrangian functions. 

In this paper, we consider solutions with 


V = (vi,V2,--- ,Vn)9^0, 


which are called rotational solutions and non-contractible on . Note that if qit) 
is a solution, then q{kT +1) - q(t) = kv. We restrict choices of rotational vectors to 
defined as follows. 

Definition 1, A rotational vector v - (vi,V2,-" ,Vn) ^ \ 10} is called prime, 

if one of its coordinates equals to 1 while others are zero, or two of them are 
relatively prime. Denotes by Z^ the set of all prime rotational vectors in Z^. 

For V e Z^, let 


q(t) - x(t) + 


2nvt 

T 


2jiv 

q(t)-x{t)+ 


(1.7) 


and define a functional 5£ -.E - W^’^(<S^,IR^)—by 


^{x)^ 


rT 

[L{q{t),q{t)) + f{t)-q(t)]At. 

0 


(1.8) 


Its critical points give rotational solutions. When we study multiplicities, the 
following symmetries are involved: 

1.^-symmetry. Note that E can be orthogonally decomposed as 


E^E^®E, 


(1.9) 


where E^ denotes the subspace of constant functions and E denotes the subspace 
of functions with zero mean value. Since the function L is 27r-periodic in qt for 
all 1 ^ ^ W and f ^ E, the functional defined by dl.SI l is also 2a^-periodic in 
all qiS. Hence it can be defined on 

^ = E/(27rZ^) = T" X E. (1.10) 


-symmetry. If f = 0, there is an <S^-action involved in the problem. Given 
V e and T > 0, let 

2nv 

6-xit)-x(t-^6)-^—;^6, (1.11) 
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where we use the representation of by ■< exp 


6 e[ 0 ,Tn. Then if 


is -invariant. Moreover, this action is free. 

Denote by &*iv,T) the set of distinct rotational solutions of 01. with given 
rotational vector v and period T. 

Theorem 1. Assume that f satisfies 


feL^m(TZ),U^), 


f(t)dt - 0. 


( 1 . 12 ) 


For every v e and T>0, we have 

(i) Iff^O, then 

*&>(v,T)f^N+l. 

If all solutions are nondegenerate, then *&*(v,T) ^ 2^. 

(ii) If f = 0, then 

*mv,T);?N. 

If all solutions are nondegenerate, then *S^(v,T) ^ 2^“^. 

Similarly to (Hill, the aim of this paper is to establish additional rotational so¬ 
lutions for special arrangement of masses mj and lengths £j instead of the nonde¬ 
generate assumption. In the following result, we consider v = (vi,V 2 ,--■, Ojv) £ 
with zero components. Let 


No=*{i\lifi^N, Vi = 0}. 

Theorem 2. Assume that f satisfies 01.121 1 and 

|/•(^)|s^Mo, VteK. 


(1.13) 


(1.14) 


If I ^ No SfN—\, there exist masses mj, lengths £j ^ j ^N), and constants 
Ti,T 2>0 such that for each T e [Ti, r 2 ], we have 

(i) If f ^0, then 

*mv,T)^(N-No + l)2^°. 

(ii) If f = Q, then 

*0^{v,T)^{N-No)2^°. 


2 Variational settings 

For X = (xi,X 2 ,--- ,Xn)^S, denote by ||x|| the standard L^-norm of x{t), i.e.. 


I|x||2 


■T N 

|x(t)|^dt = ^ 

0 i = l 


x^(t)dt. 


The functional ^ :S^K defined by 01.81 1 can be written as 


.Sf(x) = iifi(x) -I- iif2(^) + ^aix), 


( 2 . 1 ) 
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where 


■££’l(x)= -(A(q)q,q), ^ 2 (x) = 
According to ( ll.lOt . we write xeS as 


V(q)dt, ^ 3 (x) -- 


f(t)-qdt. 


(2.2) 


X = X + X, X = (xi,X 2 ,- ■■ ,Xiy) E T^, X = (xi,X 2 ,- ■■ ,Xjy) E E. 

Since the matrix A(q) defined by ( I1.3I I is positive definite and periodic in q, there 
exists a constant A > 0 depending only on masses and lengths such that 


A = inf 


. AMq)p-p 


r 


qeT^,peU^'‘ \{d] 




lp|2 


Let 


N 


71 = 271"^ 




\i=l 


l<J,Vi=Vj 


We have 

Proposition 2.1. 

X 

^lix) ^-WAf + T-'^27i^\vfA, 

n — 1 


5£Ax) ^ T ^ 71 , £^ 2 ix) -T Y, Pi cosxi, ifsCx) = 


ie/o 


0 ■' 


dt^fv, 


ri ^ 

l^2(x)-^2(AI^ — YPillXill, 


2^ i=i 
rp N 

2 n : 


ri ^ 

|.^3(x)-.^ 3(^)K ^E ll/'ll^ ^E^oll^ill- 

^ 2k ^ 


i = l 1=1 

Proof. For ( I2.5L by ( 12.2b and 02.3b . we have 


(2.3) 


(2.4) 


(2.5) 

( 2 . 6 ) 

(2.7) 

(2.8) 


^l{x)^^{A(q)q,q)j2 ^ 
For 02. 6b . we claim that 


x+ ■ 


2kv 


A o 27r^|i!rA 

= 2 """ 


f"’ 

t ) 

f 

cos 

Xi + 2nvi — \ 


0 

‘ I jT 1 

1 

rT 

1 t 

) 

cos 

\xi + 2nvi — 

dt- 

Jo 

1 T 

, 


0 , 

Tcosxi, Vi-Q, 
T 


lAiAN, 


0 


cos X; +2710,— dt 


tVt 

271 


(2.9) 

( 2 . 10 ) 
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In fact 


cos lx; +27ri;;-4 I di¬ 


ces lx; + 27111;-^ I di 


cos X; +2TlVi 


cos X; +27111; 


di 


-2 


s;2 


sin-H x; + 2nvi— sin — di 


I X; ' 


sin^ — + x; + 2TiVi — I di 


V 

sC2^ 


t 


\3 

! 

7- 

Sin — 



0 2 ^ 


/" 7. 1 

1 ^ 

—di 

sin^ — di 

if2\ff 

Uo 2 


Jo 4 


r- ~ T\fT 

= V^llxill < ——llxdl. 

2n 

The last inequality follows from the Wirtinger’s inequality. 

By (HD, ([TD, (13 and l [2D , we have 

^ " 2 2 1 V" 471^ 

" . COS X;-x^'+ 27r(ai - Oy) 


i?i(x)= ■27r 0 ;-+ ^ ajeiej'-^ViVj 

i = l ■' ■' 


2n 


2 N 






i=l 
271^ ^ 


T 


l<J,Vi=Vj 

4n^ 


cos(xi-Xj)dt 


< — E + -^ E o^j^i^jViVj = T V- 


By (HJl, lO, ES and i fTTSt . we have 


S^2ix) = 


y fx + 2710^ I di 


0 V 
'T N 


^3ix) = 


0 i = l 
'T 


^/3i COS Xi + 2710; — di = r ^ /l^COSX;, 


fit)- fx + 27ro—I di = 


ie/o 
2nvt 


m- „ 

0 t 


di. 


The inequality ( 12.7D follows from ( 12.21 1. ( 11.41 1 and ( I2.10D . 
For (HD, by (HD, (13 and dTia . we have 


\^3ix)-5£3im^ 


f-qdt- 


f -xdt 


f2nv-dt 
0 ■' 

-T N 

Y,fi-Xidt 

0 i=l 


f ■(x + x)dt 


N 


<E 


i=iJo 


\fi\-\xi\dt 


N N rp TWfW 

i=l i=l 


2n 
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The third equality follows from ( I2.6t . and the last inequality follows from the 
Wirtinger’s inequality. I 

By the above Proposition, we have 

ri ^ 

\^2(x) + ^3ix}-{££2ix) + ^3ix))\^ — Y.^Pi+Mo}\\Xi\\. ( 2 . 11 ) 

i = l 


Proposition 2.2. For the functional 5£ defined by 01.8k we have 

(i) 5£ is bounded from below. 

(ii) 5£ satisfies the (PS) condition. 

Proof For (i), by , we have 


A 9 19 9 ^ T2\\f\\ 

5£{x) > -||x||2 + T-^2n\fX-T ^ fi - ^^||x|| + f, 

2 ,ti 271 


N 


^ i = l 


ri| 


X -■ 


27rA 


+ ao, Vx £ 


where 


N 


ao^T ^2 ti^\v\^X + fv-TY,Pi 

1 = 1 


For (ii), let {xml be a sequence in S such that 


T^Wff 


^ixm) ^ C and .Sf'(xm)^0 as m—oo. 


( 2 . 12 ) 


(2.13) 


(2.14) 


Then 02.12) yields that 

l|imlKI|a:mll£^C', (2.15) 

i.e., {xm) is bounded in S since is compact. Without loss of generality, assume 
that Xm^xoeS and x^—"xo e CIS^.K-^) as m—oo, i.e.. 


lim ||xm-xollco = 0. (2.16) 

m—*oo 

Note that for arbitrary x,y eS, by using the substitution 01.71 1 for simplicity, 
we have 

^'{x)y = ^[{x)y + {V'{q) + f,y), (2.17) 

where 

^[{x)y ^ {A{q)q,y) + {[A\q)y]q,q), 
rT 


{{A'(q)y)q,q) ^ 


Y^aj£i£j{-sin{qi-qj){yi-yj))qiqjdt. 


Then 


^[(x + y)y - if{(x)y = {A{q + y)(q + y),y) + {{A'(q + y)y){q + y),q + y) 
- {A{q)q,y) - {{A'{q)y]q,q) 

= {A{q + y)y,y) + {{A{q + y)-A(q)]q,y) 

+ {[A'{q + y)y-A'{q)y]q,q) 

+ 2{[A'(q + y)y]q,y) + {[A' (q + y)y]y,y) 
^A||y||2 + o(||y||). 


6 










We have 


^ ^il^m ^oll ”^o(ll^m ^olD- (2.18) 

By ( I2.17I I and ( I2.18D , we have 

^'(XmXXm - Xo) “ ^'(xoXXm “ Xo) 

— ^-^(^XtnXXtyi — Xo) + (V^ ^Qm) f ~ ^o) 

- ilf{(xo)(Xm - xo) - {V'{qQ) + f,Xm “ Xq) 

^ A||Xm -Xol|^ + o(||Xm -Xoll). 

Then 1 12.14) and 02.161 1 yield \\xm -xoll—0 as m—oo. Hence x^—"Xo in S. I 

Proof of Theorem [I] For (i), by Proposition 12.21 and Ljusternik-Schnirelman 
theory, we have 

*&>i.v,T)^caii.T^)^N+l. 

If all solutions are nondegenerate, by Morse inequalities, we have 

^&‘{v,T) ^ the sum of Betti numbers of - 2^. 

For (ii), by Proposition 12.21 and S^-equivariant Ljusternik-Schnirelman the¬ 
ory, we have 

*»{v,T) fi cat(r^/S^) = cat(r^“^) = N. 

If all solutions are nondegenerate, by Morse inequalities, we have 

*&‘(v,T) ^ the sum of Betti numbers of - 2^~^. I 


3 An abstract critical point result 

In 111, K. C. Chang, Y. Long and E. Zehnder prove an abstract critical point result 
(Theorem 3.1) and apply it to oscillatory solutions of ( II.5) . In this section, we 
establish corresponding result and apply it to rotational solutions. The difference 
is that No defined by 01.131 1 satisfies 

f = N, oscillatory case, i.e.,a = 0, 

No 

[ ^ W - 1, rotational case, i.e., v fO. 

The main idea is to find an m-dimensonal subtorus T"^ c with an (m - 1)- 
dimensonal subtorus T'”“^ c T"^ such that the inclusion 




induces an injective map in homology and a surjective map in cohomology. By 
Ljusternik-Schirelman theory, there exist at least m critical points between the 
two levels a and b. 
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For each l^k ^n, represent ^ - 1 by binary numbers as follows 

No 

i=l 


and set 

z(k)^[zi(rim,Z2ir2ik)),---,ZNoirNo(k))) e T^°, 

where Zi: {O, 1 ^ i < A^o, are injective maps. 

Define an (A?'-A?'o)-dimensional subtorus Sk c by 

Sk = {z{k)}xT^-^°. 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


For k,j satisfying 1 ^y ^ ^ and 

k-j- for some 1 ^ m ^ Nq, 

define an (N-No + l)-dimensional subtorus T^j c containing subtorus Sk 
and Sj as follows 


Tk,j = {(xi,--- ,Xno)^T^° 


Xi = Zi(ri(k)), i^m}x = yiV-JVo+i 


(3.5) 


For No, let 


^ = {(yi,--- .yv) I yi^Zi(l-ri(k)) andyy foryV (} = \ 

No n 

Qk^\jT^j\Mk^P[Qj. (3.6) 

i=l j=k 


By the proof of Lemma 3.1 of 11^, there is a strong deformation retraction 


rk:T^\Sk^Qk- 


(3.7) 
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Let 




(n-l 

y 

II 

S„u 

j=k 

■r-jySi) 

1. 


Rk ^rkork+io---orn : domCr^s, o ■■ ■ or„) = (3.9) 


Proposition 3.1. Assume I e C^(<o ,IR) satisfies (PS) condition and ao = inf/(3c) > 

xeS 

-oo. If there exist real numbers ao < ai < ■ ■ ■ < a„, where n - such that 


^T^x{0} < I\Mk+i^{0) <0,k< I\p-''^R-^^{Sk+i)’ ^^k^n 1, (3.10) 

(Here we set i2“jj^(S„) = Sn)- Denote by Crit(I) the set of critical points of I, we 
have 

^Crit{I)fi(N-Na + 1)2^\ 

If I is S^-equivariant, then 

*Crit(I)^iN-No)2^°. 


Proof For brevity, let 
We claim that 


m —N — No + 1. 


*(Crit(/)n7“i] ^ w, k^l, (3.11) 

*(Crit(/)n(/“* \/“*-!)) 2<^<a-l, (3.12) 

'^(Crit(/)n(^\7“'‘-i)] ^ w, k^n, (3.13) 

where 

P -{xeS \ I(x) ^ a} and 1°' -{xeS \ I(x) < a}. 

By ( l3.11t -( [3rT3t . we have 

*Crit(7) ^ m + (n- 2)m + m- mn - (N -No + 1)2'^“. 

Case 1. ^ = 1. By ( I3.15L there exists di e (0,ai - ao) such that 

Si x{0}c7“i-®i. 

The Ljusternik-Schnirelman category of is 

cat(7“i“^i) > cat(Si) = cat(T™“^) = m. 

As ao - inf7 > -oo and 7 satisfies (PS), we conclude ( 13.11b 
Case 2. 2 ^ ^ ^ n -1. We proceed in several steps. 

Step 1. Choose 8 e (0,0;^ - ay^-i) sufficiently small, abbreviate 


b^ak-5, a^ak-i 
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and set 


X = <? \ [p-i(S„) U • ■ ■ U - 

X' = (f \ u p-^R-\Sn-i) u ■ ■ ■ up-^R^l^iSk )] , 

Y = Y' = /“, Z = Mk+i X {0}, Z'^MkX {0}. 


By ( 13.15b . we have 


X 3 Y 3 Z 


u u u 
X' ^Y' ^ Z'. 


Step 2. Consider the following inclusion maps 

(Tk,k',Sk’) - {Mk^i,Mk)-^ iZ,Z') I (Y, Y')- 

x^(x,0) 

By the proof on page 195 of HI, the continuous map 

yf^jopop:(Tk,k’,Sk')^il\n 


induces a monomorphism 




and an epimorphism 

Step 3. We claim that 

Hq{Tk,k',Sk') = Hq ^ 0 , 19 m. 

In fact, the first isomorphism follows from I I3.4I I and I I3.5I I. Consider the following 
long exact sequence 

■ ■ ■ HqiT"^)-^ HqiT"^, • • • 

We have 

Hq(T'”-^) = Kerig ® Imig = Z^--i, 

HqiT'^) = Kery-g ® Imy, = , 

= Kerd, ® Imd^, 

Imig = Kery'g, Imy^ = Kerdg, Imdg = Kerjg_i. 

Hence, for l^q ^m, the q-th Betti-number of the pair (j'™ satisfies 

5g(r™,r™“^) = dimHg(r'”,r™“^) 

= Cm - C^_^ + dimKerig + dimKerig_i 

^ C'^ -C‘^ >1 
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step 4. Choose homology classes 


0 ^ [uq'\eHq{Tk^k',Sk'), 

and a cohomology class 0 0 e = H^{T"^) such that 

[ug+iln0 = [uq], l^q ^m-1. 


Let 


[Ug] = i//*[ug], 1 ^ O' ^ /n, 

and choose 

we(i//*)-i(0), 

then 

0 [ffg] e Hg(I^,P) and 0 w E hHi^). 
By Proposition 5.6.16 (on page 254) of Ifl6l , we have 


[0-5+1] n w = (v^*([u5+i])) n w = y/A[uq+i n 

= y/^iiuq+i n 0]) = y/^ilug]) - [n^], 1 < ^ m - 1. 

By definition 1.1 (on page 10) of Il5j, we have 


[ffil < [ 0 - 2 ] < ■■■ < [o-ml. 

Apply the Ljusternik-Schnirelman theory (see Corollary 3.3 (on page 106) of |[5)), 
we conclude 1 13.12t . 

Case 3. k = n. The proof is similar to that of Case 1. In Step 1, we set 

X^Y^S, X {0}, Z'^MnX {0} = Qn X {0}, 

and conclude N -Nq + 1 critical points above the level a„-i. 

If I is -S^-equivariant, then replace X,Y,Z,X' ,Y’,Z' by their quotient spaces 
under the -action. We have 

cat(/“i“®VS^) ^ cat(Si/S^) = catlT'"-^) = m - 1, 
HqiTk,k'/s\Sk’/s^) = Hq (T'”/s\r'"-Vsi) 

= Hq 7^0, ls;qs:m-l. 

Then repeat Step 4 in Case 2 by replacing m by m - 1.1 
For each homeomorphism 

(P-.T^^T^, (3.14) 

set 

Sk = rhSk) = fkj = 0 -^ [TkJ = 

Tk,i" = Qk = <P~^(Qk), Mk = (p-HMk), 

rk = (p~^°rk, Wk=(l)~^(Wk),Rk=(l>~^°(.Rk) = rkork+io---orn:Wk^T^. 
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By ( I3.7D . the map 


n:T^\Sk^Qk, 

is a strong deformation retraction. By ( I3.6I I. we have 

__ iVo n 

1=1 j=k 

Since the above homeomorphism 0 induces isomorphisms in homology and 
cohomology, by Proposition l3.ll we have 

Corollary 1. Assume I e C^(<?,IR) satisfies (PS) condition and ao = inf/Cx) > -oo. 
If there exist real numbers ao < ai < ■ ■ ■ < ««, where n - 2^° such that 


■^TJVx{0} < ^ ^ (3-15) 

(Here we set R^+iiSn) = Sn)- Denote by Critil) the set of critical points of I, we 
have 

*Crit(/)^(Ai-iVo + l)2^". 

If(p and I are S^-equivariant, then 

*Crit(I)^iN-No)2^°. 


In linni, we set 


Zik)- {n(l-Tiik)),nil-T 2 (k)),--- ,7r(l-TAr(|(^))). 

The following result will be utilized in the proof of Theorem [S] 
Proposition 3.2. For 2^k ^ - 1, let 


Ok - {iyi,y2,--- ,yN)^T- 


:N 


yi^O, iftiik)^! 


(3.16) 


(3.17) 


Then 

Sk^Rl\{Sk)<^Ok. (3.18) 

Proof For induction on No and brevity, let m-No, 

z^'^\k)^z(k), S[”^^^Sk, 

Q^^'^-Qk, M^j^^-Mk, rm,k-rk, Rm,k+l-Rk+l- 

The map rm,k ^rk'.T^X is defined by 


{/'^\y']^{a/'"^ + (l-a)z^'-\k),y'], 

where cr ^ 1 is uniquely determined by k and y*™' (c.f Lemma 3.1 of 143). We 
have 


r-^k Wm+i) = { + (1 - A)z''”>(^) I 0 < A ^ l[ X {a),n+i}, (3.19) 
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S.+l'-i. K"') = K"’) n eS). t + 1 « s « 2" 


9-1 


E Ag ■ ■ • A^+id - 

i=p 


+a-^q)z^'^\q) 


0 < Av ^ 1U T 


nN—m 


Note that R^mi We claim that 

Rm]s [Ot^] '= k^2"^-l,s^l,k + l. 


(3.20) 


(3.21) 


(3.22) 



l<jfe^2'"-i 

2'"-! + 1 < 2"" 


[ny^'-^-^Xk)] 

(O,0''”-i)(jfe-2'"-i)) 

g(m) 

[n] X Sf “1’ 

{OlxSf-fi 

'-'k 

si X of-1’ 

{0}xof-f, 

Qf’ 

({0}xT^-i)U(sixQf-i’j 

({7r}xr^-l)U(slxQf-f,) 


If m = 2, we have 2^^^ 2^-1 = 3, 


of = X {0} X r^-2, 
of = { 0 } X X t^- 2 . 


Then 


^2,3 

R 


,( 2 ) 
2 ’ 


R 


\ (of) = .^ 4 ^ 2,^3 (of) = .f 4 (^ 2,^3 (of) n Qf] e .f, (of) 

.1 (of) = l-f4''2,V2,2''2,\ (of) = 1-^4 2 ('’ 2,1 (of) H Qf ] 

^ ''2.V2,V2,2 (of) = '-^4^2.3 (^2,2 (of) H Qf ] 

i (of)=d (of)=Of. Jii,i (of)=(of)=«. 


Assume 1 13.22^ holds for m-p. We carry out the proof for m = p + 1 as follows. 
Case 1. 2 ^ 2'"-i - 1. We have Of ^ x Of Then 


r-l 

m,2™- 


■ ■ r-r,t,s (of >) e si X (of-1>) C Si X 

. (of >) = (rf • • ■ rf , (of >)) 


Of-i>, s=l, k + 1, 


c~ 7?”^ 

m,2'"-l + l 

cSlx( 


(si X of ■!') 

'-..i(or-‘’)) 


Of“i’ui? 

k 


cO' 


im) 
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Case 2. A = We have x \ Then 

K-) - (o':-'’)) - O':’!, 

K:^)=(o^:’,)) 

^ s' X (o'r'’ (o‘r'^)) '= o‘:^- 

Case 3. 2™“! + 1 ^ ^ s^ 2™ - 1. We have If^k- 2™-^ < 2'”-^ - 1, O^”"’ = 
{0}xOl;!-“iand 

r-J.. (or’) = 101« C,(or.i’’.), 4 + 1 < s < 2~^ 

Then 

'={0}xO<':-“,=O‘™>, 

(o^'”’)=(oL'”’)) 

=’R;!2-.i(™><’R;;^hK-2"i)) 

= {0} X ,) c {0} X o'':-^, c oi^K I 

4 Proof of Theorem |2] 

4.1 Restrictions of masses, lengths and periods 

Choose a permutation o'of{l,2,---,W} such that 

/o = Hl), fr(2), •••, a(Wo)}, 
o-(l)< o'(2)< ■■■ < a(No). 

Define a homeomorphism <p : by 

(xi,X2, ■ * * * ■' 5 ^ax) ' ^ (^o'(l)?^o'(2))'' * ' * * j^ctCA^))- 

Let 

No 

p(k) = jSoa), 1 ^ ^ ^ n = 2"^°, (4.1) 
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7 = min (fik + D- f{k)), 
l^k^n—1 

(4.2) 

1 N 


(4.3) 


(4.4) 


Proposition 4.1. Assume that 


r>Vrir2- 


Then 


yT^ > 71 + 72^^, VT e [Ti, r2]. 


Proof. By ( I4.4D and ( I4.5I I. we have Ti<T 2 . For each T e [Ti, T 2 ], we have 

7 T^ > max{ 7 i, 72T^}. I 

Proposition 4.2. Let 




1 ^ ^ ^ n - 1 


Then 


No 

r = {/^(T(Afo)} U ~ X/ P<rU) 

j=i+l 


1 < i ATo - 1 


Proof Let 

u(^) = (1-ti(A),-- - ,1-Tjvq(^)). 
Case 1. A^o = 1. n- 2^" = 2. We have ^ = 1, 


u(2) = 0, 

u(l) = l, ; 6 (l) = -;Si. 


Then T - {fi}. 

Case 2. ATo ^ 2, n = 2^» 4. 


u(k + l)-{u',0,l,--- ,1), 


u(.k) - , 0 ), 


0 ^ i < Wo - 1 . 


(4.5) 

(4.6) 


(4.7) 


Then 


PaWo)’ * - 0’ 


;[l3(k + l)-l3(k))^ 


No 


fa(No-i) X /^o'O)’ ^ — 1-1 

j=JVo-i-l-l 
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4.2 Some estimates on potential energy part 

Proposition 4.3. For 2^o - 1, we have 


Proof. For 1 ^ s ^ m, let 


and 


Then 


and 


Fs (^m-s+l ■ ■ ■ j^^m) — ^ fa(j)^OSfj, 

J=m—s+l 


hsik)^ £ 

J=m-s+l 




By 03.181 1, we have 


We claim that 


Fn p-l toCm)] 5^ Fn ^(m) ^ hmik). 


Fnlji^(m) ^hjYiik 1). 


(4.8) 


(4.9) 


(4.10) 


(4.11) 


(4.12) 




V/ 

2<A<2'""1 

[n] X 

/^O-(I) + Fn-llj)^(m-l) 

/fe = 2™-i + l 

{tt} X r^-i 

m 

-)3a(i)+Ei8a(l) = /S(2'”-') 
1=2 

2'»-i + 2 <; <; 2'” 

({;r}xr^-i)U(sixM£-i^) 

_fe-2"^-^_ 


Case 1. 2 ^ ^ < 2'" Assume that < hm-iih - 1). Then 

Fnlj^(m) ^ Fn— hm-l^h — 1) = h^jiik — 1). 

k k 

Case 2. k- 2'”“^ + 1. We have 

(^- 1)-1 = 2™“^-1 = 0 - 2 ™“^ + 1 - 2'”"2 + --- + 1 - 2 °, 

(ti(^- 1),T2(^- I),-- - ,rmik-l)] - (0,1,1,--- ,1), 

m m 

hm-lik - 1) = ^(-l)l-F»-l)/3,o-) = ^ /)<,(,■). 

1=2 1=2 
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XllGIl ^ /^o'O) — /^o'(l) ^Tn—lik 1) — hm(.k 1). 

^ j=2 


Case 3. 2 + 2'” ^ ^ < 2™. We have 

(k-l)-l^ 2'"-^ + [(^ - 1 - 2'"-^) - 1], 0 (^ - 1 - 2'”“^) - 1 2'"-^ 


-2. 


Then 


Assume that 


We have 


Note that 


rj(k -1) = 


Tj{k 


Vm-l 

A-2™-l 


1 . J=l, 




“ ^C7(l) “t" —1(^ 1) ~ hfYiih 1). 


m m 

7=2 7=2 


^ Pa(l) ^m—l(^ 1) ~ hmik 1). 


Hence Vm\j^^m) ^ hmik - 1). I 


4.3 Proof of Theorem |2] 

For 7 i define by 02.4^ and fi{k) defined by ( I4.1I >. let 

Ciik)-T~^Yi + Tp{k) +fv, l^k ^n-1, 

C2(k) = T-'^27i\\^A + Tpik + l) + fv- T^r2, 


(4.13) 

(4.14) 


where 


By 1 14.6D . we have 


/■.= 



2 jivt 

T 


dt. 


C2(k) - cm > T(l3(k +1) - I3(k)) - T-Vi - T^r2 
^r.y-7’-lyi-r3^2>0. 


Let 


o-n-T ^7l + T'^pi + fy + 1, 
i=l 

ak-^(Ci{k) + C2{k)), l^k^n-1. 


(4.15) 


(4.16) 

(4.17) 
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By ( I4.15I I. we have 
We claim that 

and 


Ci{k)<ak<C2{k). 
ai < 02 < ■■ • < o„. 


(4.18) 

(4.19) 


•S!?l7’^x{0} < < “A < 1 ^ (4.20) 

Step 1. In fact, by 04.17D and 1 14.15k we have 

ak+i -ak = \(C2(k + 1)-C2{k) + Ci(k + 1)-cm) 

= |(; 6 (A + 2 ) - ^{k + 1 ) + ^{k + 1 ) - ^ik)) 

> ^(r+r) = 7’7> 0 . 


step 2. We prove <<^k- In fact, by the definition of ££ 2 , we have 

•^2 Im*^_ix(0} = ^^Ima+1 ’ -^2Ip-lie^ i^(Sa+i) = 

By Proposition |2TT] and Proposition [3^ we have 

■^ilMi+ix{ 0 } ^ ^ Pi’ ^ “/'i” 

Then 

■^Im,,ix(0} < + Tp{k) + f, = Ci(^) < a;i. 

Step 3. We prove .SfL_ip-i x > ay^. In fact, by Proposition [3]2l we have 


■^2ip-iij, 1 ^ 1 ) ^/i(^+!)• 


For each xep ^R^^^^^Sk+i), by Prooosition l2.ll we have 


N 

££{x) ^ Y. 

i=l 


A 9 Tn/T 

2"^‘" 


N (l^(/3,+Mo)) 

>-E 


(Pi + Mo)llxi 
2 


+ T~^27T^lul^A + £('2(x) + f^ 


i = l 

n3- 


2 A 


■-\-T ^27r^|o|^A + + 1 ) +/"y 


= -T j2 + T 2n \v\ A + Tp{k + l) + fv- C2(k) > o^. I 
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